Let q be a prime power and g ∈ {6, 8, 12}. In this paper we obtain (q, g)-graphs on 2q g/2−3 (q 2 − 1) vertices for g = 6, 8, 12 as subgraphs of known (q + 1, g)-cages. We also obtain (q − r, 6)-graphs on 2(q 2 − rq − 1) vertices, and (q − r, 8)-graphs on 2(q 3 −rq 2 −q+r) vertices where r is a positive integer such that q ≥ r+3. Furthermore, we find (q − 1, 12)-graphs of order 2q 2 (q 3 − q 2 − q + 1). Some of these graphs have the smallest number of vertices known so far among the regular graphs with girth g = 6, 8, 12.
Introduction
Throughout this paper, only undirected simple graphs without loops or multiple edges are considered. Unless otherwise stated, we follow the book by Godsil and Royle [13] for terminology and definitions.
Let G = (V (G), E(G)) be a graph with vertex set V = V (G) and edge set E = E(G). The girth of a graph G is the number g = g(G) of edges in a smallest cycle. The degree of a vertex v ∈ V is the number of vertices adjacent to v. A graph is called regular if all the vertices have the same degree. A cage is a k-regular graph with girth g having the smallest possible number of vertices. Simply counting the numbers of vertices in the distance partition with respect to a vertex yields a lower bound n 0 (k, g) on the number of vertices n(k, g) in a cage, with the precise form of the bound depending on whether g is even or odd.
A (k, g)-cage with even girth g and n 0 (k, g) vertices is said to be a generalized polygon graph. Generalized polygon graphs exists if and only if g ∈ {4, 6, 8, 12} [6] . When g = 6, the existence of a graph with n 0 (k, 6) = 2(k 2 − k + 1) vertices called generalized triangle, is equivalent to the existence of a projective plane of order k − 1, that is, a symmetric (n 0 /2, k, 1)-design. It is known that these designs exist whenever k − 1 is a prime power, but the existence question for many other values remains unsettled. Generalized quadrangles when g = 8, and generalized hexagons when g = 12 are also known to exist for all prime power values of k − 1, see [4, 6, 13] .
Biggs [6] call excess of a k-regular graph G the difference |V (G)| − n 0 (k, g). The question of the construction of graphs with small excess is a difficult one. Cages have been studied intensely since they were introduced by Tutte [22] in 1947. Erdős and Sachs [10] proved the existence of a graph for any value of the regularity k and the girth g, thus most of work carried out has been focused on constructing a smallest one [1, 2, 5, 8, 9, 11, 12, 15, 17, 18, 19, 23, 24] . Biggs is the author of an impressive report on distinct methods for constructing cubic cages [7] . Royle [21] keeps a web-site in which all the cages known so far appear. More details about constructions on cages can be found in the survey by Wong [24] or in the survey by Holton and Sheehan [14] .
It is conjectured that cages with even girth are bipartite [20, 24] . In [3] , (q −r, 6)-bipartite graphs of order 2(q 2 − rq − 1) are obtained giving the incidence matrices where r is an integer and q is a prime power such that q ≥ r + 3. In this paper we obtain first (q, g)-graphs on 2q g/2−3 (q 2 − 1) vertices as subgraphs of known (q + 1, g)-cages for g = 6, 8, 12. Second, using similar ideas, we exhibit (q − r, 6)-bipartite graphs on 2(q 2 − rq − 1) vertices and (q − r, 8)-bipartite graphs on 2(q 3 − rq 2 − q + r) vertices. Finally, we also obtain (q − 1, 12)-bipartite graphs on 2q 2 (q 3 − q 2 − q + 1).
Results
To state our results we introduce some notation based on a standard decomposition for a graph G of even girth g. Choose an edge xy of G and define for 0 ≤ i ≤ g/2 − 1 the following sets,
The fact that the girth of G is g implies that the sets
In the next theorem we find (q, g)-graphs for q a prime power and g = 6, 8, 12 as a subgraphs of some generalized polygons graphs. This construction extends to g = 8, 12 the results contained in [3] for (q, 6)-cages. Also this construction allows us to improve the upper bound n(q, g) ≤ 2(q g−2 2 ) shown in [2] for q a prime power and g = 6, 8, 12.
Theorem 2.1 Let q be a prime power and g = 6, 8, 12. Then any (q + 1, g)-cage contains as a subgraph a (q, g)-graph on 2q g/2−3 (q 2 − 1) vertices. Hence
Let r ≥ 1 be an integer, (q − r, 6)-bipartite graphs for q ≥ r + 3 a prime power and on 2(q 2 − rq − 1) vertices are constructed in [3] , via the incidence matrix. Next we give other construction following the same ideas as in Theorem 2.1. We use the notation N [x] to mean the set of vertices N (x) ∪ {x}. 
